The aim of the present paper is to establish the existence and uniqueness of solutions of iterative integrodifferential equations.
Introduction
We consider the class of iterative integrodifferential equations of the type x (t) = f t, x(x(t)), 
where t 0 , x 0 ∈ J = [a, b], f : J × J × J → J and k : J × J → J are continuous functions.
The first paper studying this class of functional equations is the one by E. Eder [7] who considered the functional differential equation
x (t) = x(x(t)), t ∈ A ⊂ R, While K. Wang [13] , M. Feckan [9] studied a functional differential equation of the more general form x (t) = f (x(x(t)))
with f ∈ C 1 (R) and V. Berinde [2] applied the nonexpansive operators to investigate the existence and uniqueness of the differential equation of the type The study of iterative differential and integrodifferential equations is linked to the wide applications of calculus in mathematical sciences. In particular, these equations are important in the study of infection models and are related to the study of the motion of charged particles with retarded interaction see [2, 14] .
Many papers have dealt with the existence, uniqueness and other properties of solutions of special forms of the iterative integrodifferential equations (1) -(2), see [3, 5, 6, 7, 8, 9, 11, 12, 13] and some of the references cited therein. Recently in an interesting paper [10] , M. Lauran has investigated the existence and uniqueness of solution of special form of (1) - (2) .
The aim of the present paper is to prove the existence and uniqueness of solution of iterative integrodifferential equations (1) - (2) . The main tools employed in our analysis are based on the theory of nonexpansive operators and fixed point theorems.
The paper is organized as follows: Section 2, presents the preliminaries. Section 3 deals with the main results. Finally, in section 4, we discuss example to illustrate the theory.
Preliminaries
Before proceeding to the statement of our main results, we setforth definitions, preliminaries and hypotheses that will be used in our subsequent discussion. Let (X, d) be a metric space. A mapping P : X → X is said to be ν-contractiion if there exists ν ∈ [0, 1) such that
If ν = 1 then the mapping P is said to be non-expansive.
Theorem 2.1 [1] Let K be a nonempty closed convex and bounded subset of a uniformly Banach space E. Then any non-expansive mapping P : K → K has at least a fixed point.
Definition 1 Let K be a convex subset of a normed linear space E and let P : K → K be a self-mapping. Given an x 0 ∈ K and a real number λ ∈ [0, 1], the sequence x n defined by the formula
is usually called Krasnoselskij iteration or Krasnoselskij-Mann iteration.
Definition 2 Let K be a convex subset of a normed linear space E and let P : K → K be a self-mapping. Given an x 0 ∈ K and a real number λ n ∈ [0, 1], the sequence x n defined by the formula
is usually called Mann iteration.
Edelstein [6] proved that strict convexity of E suffices for the Krasnoselskij iteration converge to a fixed point of P. While, Egri and Rus [8] proved that for any subset of E, the Mann iteration converge to a fixed point of P when P is a non-expansive mapping.
Lemma 2.2 [4]
Let K be a convex and compact subset of a Banach space E and let P : K → K be a non-expansive mapping. If the Mann iteration process x n satisfies the assumptions (a) x n ∈ K for all positive integers n,
Then x n converges strongly to a fixed point of P.
Lemma 2.3 [4]
Let K be a closed bounded convex subset of a real normed space E and P : K → K be a non-expansive mapping. If I − P maps closed bounded subset of E into closed subset of E and x n is the Mann iteration, with λ n satisfying assumptions (a) − (c) in Lemma 2.2, then x n converges strongly to a fixed point of P in K.
Let C(J, J) be the Banach space of all continuous functions from J into J endowed with the norm x = sup{|x(t)| : t ∈ J}, M t = max{t − a, b − t} and
where L > 0 is given. It is clear that C L is a nonempty convex and compact subset of the Banach space (C(J), . ) . For the convenience, we list the following hypotheses used in our further discussion.
(H 1 ) There exists a constant l > 0 such that
(H 3 ) One of the following conditions holds :
Main Results
In this section we state and prove results related to existence of solution of iterative integrodifferential equation.
Theorem 3.1 Suppose that hypotheses (H 1 ) − (H 3 ) are satisfied and
where k T = sup{|k(t, s)| : a ≤ s ≤ t ≤ b}. Then there exists at least one solution of the system (1) -(2) in C L which can be approximated by the Krasnoselskij iteration
where λ ∈ (0, 1) and x 1 ∈ C L is arbitrary.
Proof : Consider the integral operator P :
Any fixed point of the equation x = P x is a solution of initial value problem (1) -
. First we show that C L is invariant set with respect to P i.e. P (C L ) ⊂ C L . Making use of hypothesis (H 3 )(a), we have
Thus P x(t) ∈ J, t ∈ J.
Similarly we get the result using hypotheses (H 3 )(b) and (H 3 )(c). Using hypothesis (H 2 ), for every t 1 , t 2 ∈ J, we obtain
Using hypothesis (H 1 ) for x, y ∈ C L and t ∈ J, we have
Now, by taking supremum we get,
In view of equation (4) (i) if
, then P is a contraction mapping and hence by Banach fixed point theorem equation (1) - (2) has a unique solution.
(ii) if
(L + 1) = 1 then P is nonexpansive and hence it is continuous. Thus Theorem 2.1 implies that equation (1) - (2) has a solution in C L .
Finally, by applying Lemma 2.2 and Lemma 2.3, we obtain the second part of the theorem.
Next we establish the solution of equation (1) - (2) in a subset of C L defined by
It is clear that C L,δ is non-empty, convex and compact subset in C(J).
Theorem 3.2 Assume that hypotheses
then there exists at least one solution of the system (1) -(2) in C L,δ which can be approximated by the Krasnoselskij iteration
where λ ∈ (0, 1) and x 1 ∈ C L,δ is arbitrary.
Proof : Let C(J) be the Banach space endowed with the Bieleckis norm given by the formula
Let P be defined as in the proof of Theorem 3.1, by assumptions (
For x ∈ C L,δ and t ∈ J, we have
This shows that P x ∈ C L,δ and hence C L,δ is invariant under P. Now, for x, y ∈ C L,δ and t ∈ J, we get
Hence,
Now, by taking maximum in the last inequality, we obtain
In view of equation (6) (i) if L 1 < 1, then P is a contraction mapping and hence by Banach fixed point theorem equation (1) - (2) has a unique solution in C L,δ .
(ii) if L 1 = 1 then P is nonexpansive and hence it is continuous. Thus Theorem 2.1 implies that equation (1) - (2) has a solution in C L,δ .
Finally, by applying Lemma 2.2 and Lemma 2.3, we obtain the second part of the theorem. This completes the proof.
Application
In this section we give the application of our main results established in previous sections.
Example 4.1 Consider the following iterative integro-differential equation
where
Problem (7)- (8) is of the form (1)- (2) f (t, x(x(t)),
[ |x 1 (x 1 (t)) − x 2 (x 2 (t))| + |K 1 (x 1 (t)) − K 2 (x 2 (t))| ] . (9) Hence l = 
Now M ≤ L = 
From equations (9)- (11), we observe that all the assumptions of Theorem 3.1 are satisfied and hence the initial value problem (7)- (8) 
